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RANDOM VARIABLES

7. Discrete and Continuous Random Variables.
Distribution Functions

Given a sample space S2, by a random variable we mean a numerical
function _ E(w) whose value depends on the elementary events w e S2.
Let P{x' < E < x"} be the probability of the event {x' < E < x"}, i.e., the
probability that E takes a value in the interval x' < x < x". Then knowledge
of P{x' < i; < x"} for all x' and x" (x' < x") is said to specify the proba-
bility distribution of the random variable E.

A random variable E _ E(w) is said to be discrete (or to have a discrete
distribution) if takes only a finite or countably infinite number of distinct
values x, with corresponding probabilities

P4(x) = P{ = x},

P6(x) = 1,

where the summation is over all the values of x taken by . For such random
variables,

x"
P{x' < E < x"} _ I Po(x), (4.1)

where the summation is over the finite or countably infinite number of values
of x which i; can take in the interval x' < x < x".

A random variable _ (w) is said to be continuous (or to have a
continuous distribution) if

P{x x"} = f xpq(x) dx, (4.2)

37
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where p4(x) is a nonnegative integrable function, called the probability
density of the random variable E, with unit integral

E. po(x) dx = 1.

Clearly, if is a continuous random variable, then

P{.;==x}=0
for any given value x, while'

P{E E dx} -'po(x) dx

for every x with a neighborhood in which the probability density pt(x) is
continuous. Here P{E E dx} is the probability of the event {E e dx}, con-
sisting of E taking any value in an infinitesimal interval dx centered at the
point x.

The function
(N(x)=P{y< x}, -oo <x < co

is called the distribution function of the random variable E. If 1; is a discrete
random variable, (1)4(x) is the step function

(D,(x) po(x),

taking a finite or countably infinite number of distinct values [the graph of
such a function is shown in Figure 4(a)]. If is a continuous random
variable, is the continuous function

It(x) _= f pt(x) dx (4.3)

[the graph of such a function is shown in Figure 4(b)].2 Clearly,

P{x' < < :M:"} == cI (x") - D (x') (4.4)

for any random variable .
Now consider two random variables , and E2, or equivalently, the ran-

dom point or vector E = (a,, C,2). First suppose E, and };2 are discrete. Then
E1 and E2 have a joint probability distribution, characterized by the proba-
bilities

Pti.tt2(x1, x2) = P{C,1 = x1, 2 = x2}, (4.5)

where x, and x2 range over all possible values of the corresponding random

1 The symbol C means "belongs to" or "is contained in."
2 By a well-known theorem on differentiation, d(D4(x)ldx = po(x) almost everywhere.

See e.g., E. C. Titchmarsh, The Theory of Functions, second edition, Oxford University
Press, London (1939), p. 362.



SEC. 7 RANDOM VARIABLES 39

I I

' I I

-3 -2 -1

1

rJ

0 1 2 3

(a)

(PC

01

(b)

'-x

.x

FIGURE 4. (a) A typical distribution function of a discrete random
variable taking only the integral values ... , -2, -1, 0, 1, 2, .. .
At the points x = ... , -2, -1, 0, 1, 2, ... , 1 (x) has jumps
equal to the corresponding probabilities PI(x). (b) A typical
distribution function of a continuous random variable. Any
continuous monotonic function I (x) such that lim (I (x) = 0,

x-.-m
lim fi(x) = 1 can serve as the distribution function of a

X-+ w
continuous random variable '

variables EI and E2 The probability of any event of the type {(EI, S2) E B},
i.e., the "probability of the random point E. = (Et, E2) falling in a given set
B," is given by

P{(E1, 2) E B} = Y_ p11.fa(xi, x2),
(x1.x2)EB

where the summation is over all possible values xI, x2 of the random variables
Et, E2 such that the point (xt, x2) lies in B. Next suppose L;1 and E2 are con-
tinuous. Then by the joint probability density of EI and E2, we mean a

It should be noted that there are random variables which are neither discrete nor
continuous but a "mixture of both." There are also continuous distribution functions more
general than (4.3).
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function pt1.t2(xl, x2) of two variables xl and x2 such that the probability of
any event of the type ffi;,, b.) c- B) is given by

P{(1, 2) E B} ==°J J Ptl.ts(xi, x2) dxl dx2 (4.6)

(the integral is over B).
Given a family of random variables il, . . . , a,,, suppose the events

{xk < Ek < xk}, k = 1, ... , n are independent for arbitrary xk and x"
(xk xk). Then the random variables E1, .... En are said to be (statistically)
independent. Given an infinite sequence of random variables fir, E2, ...
suppose the random variables ,..... , Esn are independent for every n, or
equivalently that the events {xk =_; Ek < xk}, k = 1, 2, . . . are independent
for arbitrary x' and xk. Then E1i E, . . . is said to be a sequence of independent
random variables.

Suppose two random variables 1 and E2 are independent. Then clearly
their joint probability distribution (4.5) is such that

Ptl.t2 (xr, x2) _: PP1(xl)Pt2(x2) (4.7)

if E1 and 2 are discrete, and

Ptl.t$(xi, x2) = Pt,(xi)Pt2(x2) (4.7')

ifi and 2 are continuous. In (4.7'), pt1(xl) is the probability density of E1
and pt$(x2) that of 2' while x2) is the joint probability density of
and 2 figuring in (4.6).

Example 1 (The uniform distribution). Suppose a point l; is "tossed at
random" onto the interval [a, b]. This means that the probability of E falling
in a subinterval [x', x'] - [a, b] does not depend on the location of [x', x"].
Hence the probability of £; falling, in [x', x"] is proportional to the length
x" - x'.4 More exactly, we have

x" -x'_ x dxP{x'< <x"}==-b-a x'b - a
since then the probability of falling in [a, b] itself is

P{a < c b) . dx = 1
Jab-a

as it must be. Clearly, is a continuous random variable, with probability

4 Let f(s) be the probability of lq falli ig in a subinterval of length s. Then clearly
f(s + t) = f(s) + f(t). But it can be shown that any function f(s) satisfying this equation
is either of the form ks (k a constant) or else unbounded in every interval (see W. Feller,
op. cit., p. 459).
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density

pt(x) = b - a if a<x<b,

0 if x < a or x > b.
Such a random variable is said to have a uniform distribution.

Example 2. Suppose two points , and 2 are tossed at random and
independently onto a line segment of length L. What is the probability that
the distance between the two points does not exceed 1?

Solution. Imagine that El falls in an interval [0, L] of the x,-axis, while
S2 falls in an interval [0, L] of the x2-axis, perpendicular to the x,-axis as in
Figure 5. Then the desired probability is just the probability that a point
E = (i;,, E2) tossed at random onto the square 0 < x,, x2 < L will fall in the

X2
A

L
WX2= I+ X1

//X2= X1

l (F fz) j X2=-I+X,
g2 2

P

0 X1

F, I L

FIGURE 5

region B bounded by the lines x2 = 1 + x, and x2 = -1 + x, (B is the
unshaded region in Figure 5).5 By hypothesis, the random variables i , and S 2
are independent and are both uniformly distributed in [0, L], i.e., both have
probability density

p(x)=-, 0<x<L.
Hence, by (4.6), the joint probability density of the independent random
variables , and 2 is just

P41.t8(xl, x2) =
L12 , 0 < x,, x2 < L.

s Note that I i;, - 2I is the horizontal distance between the point (i;1, E,) and the line
x, = x1. This is the distance p shown in Figure 5, from which it is apparent that p < I if
and only if (E1, E,) lies in B.
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Therefore the probability of the random point falling in the
region B is given by

P{( 1, a) E B J
} _(

I

dx1 dx2 2L1 - 12
, L2 = L2

H

since L2 - 2 4(L -1)2 = 2L1- 12 is the area of B (the square minus the
two shaded triangles).

Example 3 (Buffon's needle problem).. Suppose a needle is tossed at random
onto a plane ruled with parallel lines a distance L apart, where by a "needle"
we mean a line segment of length 1 < L. What is the probability of the needle
intersecting one of the parallel lines?

Solution. Let 1 be the angle between the needle and the direction of the
rulings, and let S2 be the distance between the bottom point of the needle
and the nearest line above this point [see Figure 6(a)]. Then the conditions

az

L
I

xz.<< I sin x,

FIGURE 6

of the "needle tossing experiment" are such that the random variable 1 is
uniformly distributed in the interval [0, ic], while the random variable 2 is
uniformly distributed in the interval [0, L]. Hence, assuming that the random
variables E1 and 1;2 are independent, we lind that their joint probability density
is

1

PB1.B,(xl, x2) =
7rL

, 0 <, x1 r[, 0 x2 L.

The event consisting of the needle intersecting one of the rulings occurs if
and only if

E2 <: / sin 1,
i.e., if and only if the corresponding point E _ (i:,l, E2) falls in the region B,
where B is the part of the rectangle 0 < x1 < rc, 0 < x2 < L lying between
the x1-axis and the curve x2 = sin x1 [.B is the unshaded region in Figure
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6(b)]. Hence, by the general formula (4.6),

E2) e B} =f f
dxl dx2 _ 21

B ,rL 7cL
where

if0sinx1dx1=21

(4.8)

is the area of B.
In deducing (4.8), we have assumed that E1 and E2 are independent

random variables. This assumption can be tested experimentally. In fact,
according to (4.8), if the needle is repeatedly tossed onto the ruled plane,
then the frequency of the event A, consisting of the needle intersecting one of
the rulings, must be approximately 21/irL. Suppose the needle is tossed n
times, and let n(A) be the number of times A occurs, so that n(A)fn is the
relative frequency of the event A. Then

n(A) 21

n 7rL

for large n, as discussed on p. 3. Hence

21 n

L n(A)

should be a good approximation to 7r = 3.14... for large n. This actually
turns out to be the case.6

Example 4. Given two independent random variables 1 and i;2, with
probability densities ptl(x,) and pt2(x2), find the probability density of the
random variable

7) = 1+ E2

Solution. By (4.7'), the joint probability distribution of E, and E2 equals
ptl(x1)pt,(x2), and hence, by (4.6),

P{y' < ri < y"} = f f Pf,(xl)Pt,(x2) dxl dx2
v'-<ai+X8cv"

= f [f iii(y - x)pi,(x) dx] dy.

Therefore the probability density of the random variable 11 is given by the
expression

P'(y) = f
W

Ptl(y - x)Ptz(x) dx,

called the composition or convolution of the functions p,, and pig.

See J. V. Uspensky, Introduction to Mathematical Probability, McGraw-Hill Book
Co., Inc., New York (1937), p. 113.
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For example, suppose > and 2 are both uniformly distributed in the
interval [0, 1], so that they both have the probability density

Then

p(x) =
(1 if 0<x<1,
0 if x <0 or x> 1.

fydx=y if 0<y<1,
0

pa(y) = l dx = 2 y if 1 < y < 2,
v-1

0 if y<0 or y>2.
The graph of the density p,(y) is triangular in shape, as shown in Figure 7.

P'7 (Y)

FIGURE 7

8. Mathematical Expectation

By the mathematical expectation or mean value of a discrete random
variable i;, denoted by we mean the quantity

El; (4.9)

provided that the series converges absolutely.' Here the summation has the
same meaning as on p. 37, and, as usual, Po(x) = P{ = x}. Given a
discrete random variable , consider the new random variable I = cp(s),
where p(x) is some function of x. Then the mathematical expectation of is
given in terms of the probability distribution of Z; by the formula

E-J = ESP(?) (4.10)

I.e., provided that IxI Po(x) < Co.
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In fact, 17 is a discrete random variable taking only the values y = (p(x),
where x ranges over all possible values of the random variable E. Therefore8

P{rl = Y} = 1 Pf(x),

where the summation is over all x such that p(x) = y, and hence

Erg = I yP{-q = y} =I I Pf(x) =I
-oo x:p(x)=v -

as asserted.

More generally, let be a random variable which is a function of
two random variables 1 and 2, with joint probability distribution
Pt1,te(xl, x2). Then it is easily verified that cp(1;1, E2) has the mathematical
expectation

S2) _ I J cp(x1, x2)-0 -0
It is clear from (4.9) that

a) El = 1;
b) cEE for an arbitrary constant c;

c)

(4.11)

I I. (4.12)

Moreover, it follows from (4.11) that
d) 2) = E£;2 for arbitrary random variables E1 and E2

with mathematical expectations EE1 and E2;
e) E > 0 implies EE, > 0, and more generally

E1 < 2 implies EL; (4.13)

f) If E1 and S2 are independent random variables, then

EE1E2 = EE2 (4.14)

For example, to prove (4.14), we write p(E1,z) _ E1E2. Then, for inde-
pendent E1 and E2, (4.11) implies

2) =,I

1 J x2Pg2(x2) =

To define the mathematical expectation of a continuous random variable
we first approximate E by a sequence of discrete random variables L,,,

8 The colon should be read as "such that."
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n = 1, 2.... Let en, n = 1, 2.... be a sequence of positive numbers con-
verging to zero. Then for each n =: 1, 2, . . . , let

... , X-2,n, X-1, n, x0, n, X1, n, X2,n, .. .

be an infinite set of distinct points such that9

(4.15)

sup IXk.n -__ Xk-l,nl = en, (4.16)
k

and let n be a discrete random variable such that

It follows that

and hence

En = Xkn if ?;k,-1n <E < X.

I - LI C en,

I Em - fI < I Em - nI + I "n - El < em + en 0

as m, n - oo. Therefore, by (4.12) and (4.13),

IEEm - E U = IE(Em - En)I .- E I E. - LLI < em + en -- 0

as m, n -> oo (provided Ei;n exists for all n). But then

lim Ei;n

exists, by the Cauchy convergence criterion. This limit is called the mathe-
matical expectation or mean value of the continuous random variable ,

again denoted by EZ;. Clearly,

jEi; = lim Xk.np{Xk:-1.n < < Xk,niil'
n-,co -ao

Suppose E. has the probability density p4(x). Then, choosing the points
(4.15) to be continuity points of pt(x), we have

M
rI` J

l

L,Xk.nP{Xk-1.n < < Xk.n. r =' I xk,n
xk.n

p (x) dx
_M -M xk-l,

00

-,j
Xk-1,n),

and hence

E =: J-mxpt(x) dx (4.17)

[compare this with (4.9)]. For continuous random variables of the form

The symbol sup denotes the supremum or least upper bound. Therefore the left-hand
side of (4.16) is the least upper bound of all the differences Ixk,,, - xk_l,nl, k = . . . , -2,
-1, 0, 1 , 2, ... Thus (4.16) means that no two of the points (4.15) are more than en
apart. Note also that any closed interval of length en contains at least two of the points
(4.15).
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ri = y(s) and -1 = we have

Ecp(i;) =f p(x)pt(x) dx (4.18)

and

2) = f f ,1cP(x1, x2)Pf,.4$(x1, x2) dxl dx2, (4.19)

by analogy with (4.10) and (4.11), where ptl,t9(xl, x2) is the joint probability
density of the random variables i and 2. It is easily verified that properties
a)-f) of the mathematical expectation continue to hold for continuous
random variables (the details are left as an exercise).

Remark. Other synonyms for the mathematical expectation of a random
variable , discrete or continuous, are the expected value of or the average
(value) of . The mathematical expectation and mean value are often simply
called the "expectation" and "mean," respectively.

Example Let i; be a random variable uniformly distributed in the interval
[a, b], i.e., let E. have the probability density

1

pq(x) = b - a
if a<x<b,

if x<a or x>b.
Then the mathematical expectation of l; is

E fbxdx = b

Jab -- a 2

A random variable of the form rl = 1;1 + i2 involving two real random
variablesI and 2;2 (the real and imaginary parts of ri) is called a complex
random variable. The mathematical expectation of -1 = 1;1 + iE2 is defined as

E- = ELI + iE2

It is easy to see that formulas (4.10) and (4.18) remain valid for the case
where cp(s) is a complex-valued function of a real random variable l;, and
that (4.11) and (4.19) remain valid for the case where rp(1,2) is a complex-
valued function of two real random variables1 and2 In particular, let
cpl(EI) and CP2(U be complex-valued functions of two independent real
random variables E and S2 Then, choosing cp(E1i 2) = cPi( I)(P2( 2) in
(4.11) or (4.19), we deduce the formula

E[p1( Op2( 2)] = Ep1( JEp2( 2), (4.20)

which generalizes (4.14).
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9. Chebyshev's Inequality. The Variance and
Correlation Coefficient

By the mean square value of a (real) random variable E is meant the
quantity EE2, equal to

E is discrete, or
E2 =_J( x2pt(x) dx

if k is continuous.10 Given any random variable and any number e > 0,
let

Then obviously Et <

or equivalently

since clearly

It follows that

0 if I E I < E,

e2 if I El > e.

and hence, by (4.13),
Ei.1 < E 2,

s2P{ICI > E} .

ez.P( I > e).

P {ICI > E:} <
2

(4.21)

a result known as Chebyshev's inequality. According to (4.21), if EE2/E2 < 8,
then P { 1 I > e} < 8, and hence P { 1 I < e} > 1 -8. Therefore, if 8 is
small, it is highly probable that I i; < e. In particular, if 0, then
P { 1 I > e} = 0 for every e > 0, and hence l; = 0 with probability 1.

By the variance or dispersion of a random variable , denoted by
we mean the mean square value E(l, - a)2 of the difference - a, where
a = EE is the mean value of E. It follows from

E(l;-a)2=EE2-2aEE+a2=EE2-2a2+a2
that

Obviously

and

for an arbitrary constant c.

D __= I:1+,2 - a2.

Dl == 0,

c2DE

11 It is assumed, of course, that EE1 exists. This is not always the case (see e.g., Problem
24, p. 53).
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If E1 and S2 are independent random variables, then

2) -
a1 a2 = EE21 then, by (4.14),

E(E1 - a1)(E2 - a2) = E(E1 - a1)E(E2 - a2) = 0, (4.22)
and hence

D(1+ 2)=E(E1+ E2-a1-a2)2
= E(1 - a1)2 + 2E(E1 - a1)(2 - a2) + E(E2 - a2)2

= E(S1 - a1)2 + E(2 - a2)2 = DE1 + D2.

Given two random variables E1 and E2, we now consider the problem of
finding the linear expression of the form cl + c2S2, involving constants cl
and c2, such that cl + c22 is the best "mean square approximation" to E1,
in the sense that

E (1 - cl - c22)2 = min E (1 - c1 - c22)2, (4.23)
d1.c2

where the minimum is taken with respect to all cl and c2. To solve this
problem, we let

a1 = E1,

a2=E 2,
and introduce the quantity

61
2 = D1,

61 = DE2,
(4.24)

r = E(1 - a1)(S2 - a2) (4.25)
a162

called the correlation coefficient of the random variables E1 and 2 Going
over for convenience to the "normalized" random variables

Sl - a1
Y11 -

a1

we find that

min E(1 - c1 - c22)2 = 1 min E(7)1 - c1 - c2Y12)2 (4.26)
C1-C2 CI,C2

(why?). Clearly,

EY),=E112=0, D171=E-%2=D172=E,72= 1, E-117)2=r,

E(y71 - r 2)'12 = E'W72 - rEri2 = 0,

E(-11 - I'Y12)2 = E2712 - 2rEr11-12 + r2Eri2 = 1 - r2,
and hence

E(-71-c1-c2Y12)2=E[(171-rY12)-cl+(r-c2)y1212
=(1-r2)+ci+(r-c2)2
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for arbitrary cl and c2. It follows that the minimum of E(ri, - cl -
is achieved for c1 = 0, c2 = r, and is equal to

min E(jh - cl -- c2112)2 = 1 - r2. (4.27)

But
Cl ,Cl

"2 al
a, - r - a2) J

in terms of the original random variables , and 2. Therefore

cl+c2F,2==a,±r6102-a2)
a2

is the minimizing linear expression figuring in (4.23), where a,, a2, al, a2 and
r are defined by (4.24) and (4.25).

If Z, and y2 are independent, then, by/ (4.22),

r = E(Z, - al)( 2 - a2) __ al)E(Z2 - a2) = 0.
ala2 ala2

It is clear from (4.27) that r lies in the interval -1 < r < 1. Moreover, if
r = + 1, then the random variable 51 is simply a linear expression of the
form

1 "= C1 +

Izzn fact, if r = ±1, then, by (4.26) and (4.27), the mean square value of
Sl - C1 - C22 is just

1-Cl-c,,2) al(1 -r2)=0,
and hence 1 - cl - c2i;2 = 0 with probability 1 (why?).

The above considerations seem to suggest the use of r as a measure of the
extent to which the random variables f,, and 2 are dependent. However,
although suitable in some situations (see Problem 15, p. 67), this use of r
is not justified in general (see Problem 19, p. 53)."

PROBLEMS

1. A motorist encounters four consecutive traffic lights, each equally likely to
be red or green. Let be the number of green lights passed by the motorist
before being stopped by a red light. What is the probability distribution of E?

2. Give an example of two distinct random variables with the same distribution
function.

3.. Find the distribution function of the uniformly distributed random variable
E considered in Example 1, p. 40.

11 See also W. Feller, op. cit., p. 236.
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4. A random variable E has probability density

a
pt(x) = x2 + 1 (- 00 < x < oo).

Find

a) The constant a; b) The distribution function of ;

c) The probability P{ -1 < < I}.

1 1 1 1

Ans. a) -; b)
2

+ - arc tan x; c)
2

.

5. A random variable t; has probability density

axle k¢ if 0 < x < oo,
pt(x) = {0 otherwise

(k > 0). Find
a) The constant a; b) The distribution function of
c) The probability P{0 < E < 1/k}.

6. A random variable l; has distribution function

x
bt(x) = a + b are tan 1 (- oo < x < co).

Find
a) The constants a and b; b) The probability density of .

7. Two nonoverlapping circular disks of radius r are painted on a circular table
of radius R. A point is then "tossed at random" onto the table. What is the
probability of the point falling in one of the disks?

Ans. 2(r/R)2.

8. What is the probability that two randomly chosen numbers between 0 and 1
will have a sum no greater than 1 and a product no greater than s ?

1 2 2/3dx 1 2
Ans.

3+ 9 J13 x= 3+ 9 In 2% 0.49.

9. Given two independent random variables 1 and 2, with probability densities

e x/2 if x > 0, 3e xl3 if x 0,
pl(x) - (0 if x < 0, p2(x) - {0 if x < 0,

find the probability density of the random variable -1 = `1 + 2.

re =l3(1 - e x/6) if x > 0,
Ans. p,(x) = j0

if x < 0.
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10. Given three independent random variables 51, 2 and y3, each uniformly
distributed in the interval [0, 1], find the probability density of the random
variable 1 + 2 + 3

Hint. The probability density of Z;1 + 2 (say) was found in Example 4,
P. 43.

11. A random variable takes the values 1, 2, ... , n.... with probabilities

1 1 1

Find

12. Balls are drawn from an urn containing w white balls and b black balls until
a white ball appears. Find the mean value m and variance a2 of the number of
black balls drawn, assuming that each ball is replaced after being drawn.

Ans. m =
b , a2 = b(w + b)-
w w2

13. Find the mean and variance of the random variable with probability
density

pt(x) = ie-xl (- co < x < co).

Ans. E = 0, D = 2.

14. Find the mean and variance of the random variable E with probability
density

f Ix - aI < bi

Vb

otherwise.

Ans. E = a, D i; = b2/3.

15. The distribution function of a random variable E is

I
4I(x) = a + b arc, sin x

1

if x<-1,
if -1 < x < 1,
if x>l.

Find E and M.
Hint. First determine a and 45.
Ans. Ei; = 0, M = z.

16. Let be the number of spots obtained in throwing an unbiased die. Find
the mean and variance of .

Ans. z.

17. In the preceding problem, what is the probability P of deviating from
E by more than

2
? Show that Chebyshev's inequality gives only a very crude

estimate of P.

1
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18. Prove that if E is a random variable such that Ee°t exists, where a is a
positive constant, then

CC

Eeat
P {y>E}

eae

Hint. Apply Chebyshev's inequality to the random variable = eaE/2.

19. Let S be a random variable taking each of the values -2, -1, 1 and 2 with
probability 1, and let 77 = 2. Prove that Z and 77 (although obviously dependent)
have correlation coefficient 0.

20. Find the means and variances of two random variables 1 and E2 with joint
probability density

-sin xl sin x2 if 0 < xl < , 0 < x2 <
P41,92(xl' x2) = 2 2

l0 otherwise.

What is the correlation coefficient of 1 and 2?

21. Find the correlation coefficient r of two random variables E1 and 2 with
joint probability density

1 n n

P4i.Es(xl' xz)
sin (xl + x2) if 0 < xl <

2
, 0 < x2 <= 2 2

0 otherwise.

7r ,7r2

2 - 1 16 1
Ans. I = -

It n2 4-2+16

22. Given a random variable , let W(t) be a nondecreasing positive function
such that Ep(E) exists. Prove that

m

23. Deduce Chebyshev's inequality as a special case of (4.28).

24. Let be a random variable with probability density

1

A(x) = n(1 + x2)
< x < ).

(4.28)

Show that E and D1 fail to exist.


